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Let M, denote the bivariate box-spline corresponding to the directions (1, 0),
(0, 1), (1, 1), each occuring with multiplicity n. We determine the critical points of
the polynomials P (x)=3 .2 M,(j)e™, neZ . 1987 Academic Press, Inc.

In a series of beautiful papers, Schoenberg developed the theory of
univariate cardinal splines [6-8]. A basic result is the positivity of the
Euler-Frobenius polynomials which implies the wellposedness of cardinal
interpolation.

THEOREM 1 [6]. Let M, denote the univariate cardinal B-spline with
support centered at 0. The Euler—Frobenius polynomials

P(x)=3 M,(j)e™, reZ,,
je”Z
8
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are strictly positive and attain their unique minimum (maximum) at
x=n{mod 2nZ) (x =0 (mod 2nZ)).

In this note we obtain the bivariate analog of this result for box-splines.
For a set of vectors = {&,,.., &,} with £ €Z”, the box-spline M is the
functional on Cy(R™) defined by [1]

M_:¢:=J N RArA (1)
[-1/2, 127"

y=1

Equivalently, M - can be defined by its Fourier transform
M=(y)=1] S(.») (2)
v=1

where S(z):=(2/z)sin(z/2). The latter definition stresses the similarity to
the univariate case. We define the multivariate Euler-Frobenius
polynomials by

P(x)= 2 Ms(j)fi’i\‘- (3)

jesm

In the bivariate case (m=2) we proved [3] the following conjecture:
The polynomials P < are strictly positive iff the box-splines M (- —J), je 7",
are linearly independent.

If valid in general (m > 2) the conjecture would imply that cardinal inter-
polation is well posed if the obvious necessary condition of linear indepen-
dence is satisfied. For two variables it was shown in [2] that the box-
splines are linearly independent only on the “standard” three-direction
mesh, up to symmetry the vectors in = have to be chosen from the set
{(1,0), (0, 1), (1, 1)}. While the corresponding grid is very regular, the
analysis of the interpolation problem is complicated. Our results [3, 4] are
not as complete as in Schoenberg’s univariate theory. E. g. we were not
able to determine the location of the minimum for P- which in general
depends on =. We conjectured that in the symmetric case, when each of the
three vectors in = occurs with multiplicity n, the polynomial P,=P-
attains its minimum at the point (27/3, 27/3). In this note we prove this
conjecture and determine all critical points of P,,.

THEOREM 2. The polynomials P,, nedZ ., attain their minima at
+(2n/3, 2r/3) mod 2nZ>, their maxima at the points 2nZ* and have saddle
points at nZ7° mod 2nZ>. These are the only critical points of P,.

Figure 1 below shows the level curves of P, on [n/2, 3n/2]x [ —m, 7]
which illustrates the general situation.
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(3n/2,m

FIGURE 1

The proof of Theorem 2 relies heavily on the symmetries of P,. Let .o/
denote the group of 12 linear transformations which leave the mesh
generated by the three directions (1, 0), (0, 1), (1, 1) invariant. This group
is generated by the matrices

) () e

which correspond to reflection at the origin and permutation of the direc-
tions. The symmetric box-spline M,, is invariant under composition with
A, e,

M, (Ax)=M (x), Ae . {35)

Therefore, the corresponding Euler—Frobenius polynomials satisfy

P(A*xX+2mj)=P,(x), Aesd. jel?, (®)

where A* denotes the transpose of A. These relations give much infor-
mation about the structure of P,. Denote by Vf(u,v):=(D,f(u, v),
D, f(u,v)) the gradient of a functionf Differentiating identity (6) we
obtain

(VP (A*x+ 2mj)) A*=VP,(x), Aed,jeZ? (7)
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Let I denote the unit matrix. Identity (7) implies in particular that

VP, (x)eker(I—A4) if (I—A*)x=2nm). (8)

For A=("} 9), (!¢ e it follows from (8) that VP, vanishes at the
points nZ* and +(2n/3, 2r/3) + 2nZ?, respectively. For A (0 7D, (71,
GO, 8h, (0 9 e.o, the matrices (I — A) have rank one and it
follows from (8) that for ke Z,

(0, 1)VP,(x)=0 if  (1,2)x=2nk,
(LO)VP,(x)=0 if (2, 1)x=2nk,

(1, =) VP,(x)=0 if (1, —1)x=2nk, o)
(1, )VP(x)=0 if  (1,1)x=2nk,

2, ~1)VP,(x)=0 if  (1,0)x=2nk,

(1, =2)VP,(x)=0 if  (0,1)x=2nk.

The remaining four matrices in .o/ give no further information.
Let © denote the (closed) triangle with vertices (0,0), (=,0),
(2m/3, 2n/3). The set

- | 4o,

Aef

which is the convex hull of the six points +(2r/3, 2n/3), +(4n/3, —2n/3),
+(2n/3, —4n/3), is a fundamental domain, i.e., its translates form an essen-
tially disjoint partition of R? Therefore, to complete the proof of
Theorem 2, it is sufficient to show that

VP, (x)#0 for xeQ\{(0,0), (n, 0), (27/3, 2n/3)} (10)

and that
P, (2n/3, 27/3)< P, (%, 0) < P,(0, 0). (1)

To this end we proof the following estimates (Fig. 2):
(i) D, Pu,0)/Qu+vy<0 for (u,0v)el :={(yv) 0<v<y,
2u+v<3n/2, u>0},
(i) D,P,(u,v)/(2n—2u—v)<0 for (u,v)eR,:={(uv): 37/2<
2u+v<2n, 0<y, u+20<2n},
(i) D, P, (u,v)/v<0 for (u,v) e 25:={(u,v): 0<v=2n—2u<nw/3}.
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4

(2n/3, 21/3)

2 (57/6, ©/3)
Ql Q3
\ .
(0,0) (m,0) u
FIGURE 2

Note that, since P, {u, v)= P, (v, u), it follows from (ii) that

D.P,(r—t/2,v)/(m—3v/2) <0, /3 < v < 2n/3.

For small » the inequalities (1)—(iii) can be verified numerically and we
shall assume in the sequel that n is sufficiently large (n>5). Using the
Poisson summation formula and (2), we write P, in the form

Puv)= Y Sw+k)' Sw+!) Su+v+k+1) (12)

(k. ye 4

where A:=2nZ". For (u, v)e 2 and large n, the terms with |k{ + |/| small
dominate in the expression for P,. This fact is crucial for the subsequent
estimates.

Proof of (1). We write

D“P,,(Ll,l?):n Z aA.lbk.l (13)

{k.he A
with
ap ;=Su+k) 'S+ )" S(u+o+k+0H" !
b i=Swu+k)Sut+v+k+0)+Su+k)ySu+v+k+1).
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Using the inequalities
IS(w)l, 18" (W)l < min(1, 2/|wl), (15)

— 5w S (w)< — 4w, O<w<n,

for (u, v)e 2,, we obtain the estimates

[ —

bo.oz ——= (Cu+v),

t

[ %]

1 1 3 {
bo.o< ——= uS(n) ~— (u+v) S (-”) <= (Quto),

16 16 4
(16)
bi.s 4-8n <sin(u/2) N sin((u + v)/2)>
bo,o\|“+k| lu+v+k+0\ 2u+v 2utv

< 16n
Tlu+k| lutv+k+I

For (4, v)e 2, and (k, /) # (0, 0), we have

1
lu+kllu+v+k+1

v
v+

-2

<z

Combining this inequality with (16), we see from the definition of @, ;, and
S that

DuPn(us U) 1}< ak,[ bk,/
nay oby o \A\(().()) ao.0| 1Po.0
n 1 n s n—1
<y u | v u+v 167
u+k v+l (luto+k+1 lu+ k| jut+v+k+1
no-1 n- 1 n -1
gEZ 3n/4 /2 i
T 3nf4+ k n/2+1 n+k+1

The last right-hand side is less than 1 for n>5. Therefore, inequality (i)
follows from the second inequality in (16) and the fact that 4, , is positive
on Q,.

Proof of (i1). In expression (13) for D, P, we split the index set 4 into
the three parts:

Ag:= {(k, 1): 2k + 1+ 2m =0},
A= {(k, I +(2k+1+2m)>0}.

640/50/1-2
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The sets A, and A are related by the bijective mapping
(k,ed, ok, I')=(—k—1-2n,1)eA

Therefore, we can write D, P, in the form
D,P,(u, v):”zak,lbk,/+nzak,15k,l (17)
Ao A,
where (cf. (14))

T A_y. j—2n1
bk,/-:bk,/+———’ bnk l=2n, !

.,
=[S (u+k)Su+v+k+0)+Su+k)Su+v+k+10)]
F 0[S (u—k—1—2m) S(u+v—k—2n)
+S(u—k—1-21) S'(u+v—k—2m)]
with
[im u+k u+v+k+1_
u—k—I1-2rnut+v—k—-2n

Observe that for (u, v)eQ, and (k,/)ed .,

-2 g
o<t and | _¢= 2n—v—2u 2k+17/+2=n

Tu—k—I1-2ru+v—k-2n (13)

Since the numerator in 1 —{ is positive, letting A= {(k,l/)eA,:
(k+I1+m)k+m)>0}, we have
0<i<, (k,l)eA,,
(19)
0<1/i<l, (kDed A,
Using the identity

2 .pxtqg Hpxq) . p. 4
S(p)S'(q) = S'(p) S(g)=—sin——— —=—=5—sinzsin -, 20
(p)S'(q)x S'(p) S(q) 7q sm 5 s sin > sin 7 (20)

we can simplify the above expressions for b, , and b, , and obtain

2sin(u+v/2 —m)
u+kWu+v+k+1)

‘k,l—(

B 4(2u+v—2m) inLH—ks. ut+v+k+1
Wtk urorkan T T

(k,[)e 4q,

(21)
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 2A—=1)sin(u+1v/2)
(u+k)u+v+k+1)
A= 1) sin(u/2) sin((u + v)/2)
(u+k) (u+v+k+1)?
x[Qu+v+2k+ D)+ Qutv—2k—1-4m)],  (k Ded,.
(22)

(I+{")

In the term in square brackets we add and subtract (2u+v—2k —I1—4n).
Then a direct computation using (18) yields

2k +14+ 21 2u+v—2k—1—4n)
(u—k—1—-2nu+v—k—2n)

[~~]=(2u+v—2n)<2+

5 CV). (23)

v=0
Analogous to case (i) we show that 00’050‘0 is the dominant term for the
right-hand side of (17). Indeed,

_ Ut — 2u—
Boo< —062_1"0  for n>s, (24)
' u(u+v)

as one .checks numerically for n =5, and therefore has it for n> 5, since 50,0
decreases as n increases as we see from (19), (22), and (23). For (4, v)e Q,
we have /3 <u, u+v<4n/3 and we obtain from (19)—(24) the estimates

bes_ 2| u u+v

—|<— i ke, 55
Bool 06 utk|lutv+k+! (k,l)e A, (25)
be | 3n+1)Q2k+14+21)| u ut v

5oIs ) k,Ned,. 26
Bo.o 0.6 utk|luto+k+! (k,ed,. (26)

For (k,l)e A, \A4, we estimate { "B, , in a similar way and obtain

b, . 3(n+1)2k+1+2n)| u u+o
UL P& R khed \A4,.
R 06 | e BEERGR AR
(27)
For (k, )= (0, —2rn) we obtain the sharper estimate
bo_al o6 U0 uns, (28)
0.0 2n—u—v

numerically for n =35, hence valid for n> 5 since |b, | increases with n.
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Similarly as for case (i), it follows from (17), (25)-(28), the definition of
¢, and the inequality

(v/Q2n-—v))" ((u+0)/2r—u-—10v))' <1, (u, £)eQ,,

that
D, P, (u,v) ]~
”ao,ozo‘o l
<06+ Y ||| 28 4n/3
0.6 A0\(O, —27) n+k| |Sn/6+1| [4n/3+k+!
3(n+1) n || 5m/6 |” 47.[/3 n
- 2k+1+2
’ 0.6 A\%,O) 7I+k‘ 57'5/6‘4”[’ dn/3+k+1 (2k+1+21)
3(n + 1) T n 57[/6 n 47[/3 n
2k + 1+ 2m).
06 121 n+k+l\ swoxi| |2pgk| GKHITA)

i
*

The right-hand side is less than | for #>5 and the inequality (ii) follows
from (24) and the fact that q, , is positive.

Proof of (iii1). We have
D, P (n—v/2,v)=n) a; b, (29)
A

with
a; ;=S(m—v2+k)y 'S+ S(r+v2+k+D)" !
by i=S(m—v/2+k)S' (0+1) S(n+v2+k+1)
+S(r—v2+k)S(e+) S (n+v2+k+]).

Note that aq g =a ,, ¢. It can be verified numerically that

C:=— sup (byo+b_ 1 0)v201 (30)

O<e<n/3

To estimate the remaining terms in (29) we observe from the definition of S
and (15) that

2
b,/ <2v*min {1, .
Ibi <20 mm{ %02+ k| o+ In+v/2+k+ll}
Therefore,
a;(,,b;(,,<1 z |"| #n/3 |" Tn/6 "
apoCv| 02 (n+k| |n/3+1 |Tn/6+k+1|’
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and we obtain

D,P,(n—v/2,v) l
nay, o(bo, oth ~2n, o)

1
<—
02 Z

A {(0,0), (- 27.0)}

n n n

A
n+k

/3
/3 +1

Tn/6
Tnj6+k+1

The right-hand side is less than 1 for n>2 which, together with (30),
implies the inequality (iii).
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